Lagrangian control systems that are differentially flat with flat outputs that only depend on configuration variables are said to be configuration flat. We provide a complete characterisation of configuration flatness for systems with n degrees of freedom and n -1 controls whose range of control forces only depends on configuration and whose Lagrangian has the form of kinetic energy minus potential. The method presented allows us to determine if such a system is configuration flat and, if so provides a constructive method for finding all possible configuration flat outputs. Our characterisation relates configuration flatness to Riemannian geometry.
Introduction
Roughly speaking an underdetermined system of ork = 1,. . . , n < N dinary differential equations F k ( t , xl,. . . , xN, x', . . . ,xN) = 0, is differentially flat if there is a smooth locally 1-1 correspondence between solutions e(t) of the system and arbitrary functions y ( t ) , of the form 4 t ) = g ( t , d t ) , . ,Y'"(f)), y(t) = h ( t , e@), . . . , e'"(t)), where (y', . . . , yP) E Iwp ( p = N -n ) . Here g , h are smooth maps, y(k) is the kth derivative of y and 1,q are integers. The variables yJ are referred to as flat outputs. The special class of systems given by 3 = fi(t,zl,. . . , zn,ul,. . . , U P ) , i = 1,. . . , n are more familiar to control theorists and the flat outputs depend on states, inputs, and derivatives of inputs yi = h j ( t , c , u , u ( l ) , . . . ) u q , j = 1 , ..., p .
For a detailed discussion of differential flatness see Fliess et al. [l, 21, Martin [3] , Pomet [4] , van Nieuwstadt et al. [5] and Rathinam and Sluis [6] .
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The importance of flatness to control applications lies in the fact that it provides a systematic and relatively simple way to generate solution trajectories between two given states. One uses the maps g and h to transform between original system space (states as well as inputs) and the smaller dimensional flat output space. See van Nieuwstadt and Murray [7] and Murray et al. [8] for more details.
In the case of single input systems a complete characterization of differential flatness is available, see e.g. Shadwick [9] . In that case, flatness is the same as feedback linearizability. In the framework of exterior differential systems, checking for flatness reduces to calculating "derived systems" and checking certain rank and integrability conditions. See [5, 101. For multiinput systems no complete theory exists.
Many interesting examples of mechanical systems are differentially flat and in most known examples flat outputs have been found that depend only on the configuration variables but not on their derivatives. We refer to such flat outputs as "configuration flat outputs" and systems possessing such outputs as "configuration flat". All Lagrangian systems that are fully actuated (number of controls equals number of degrees of freedom) are configuration flat with all the configuration variables as flat outputs. See [8] for a catalogue of other examples. In this paper we completely characterise configuration flatness for a special class of mechanical systems. The class under consideration involves systems whose dynamics is described by Lagrangian mechanics with a Lagrangian function of the form "kinetic energy minus potential". Also the number of independent controls is assumed to be one less than the number of degrees of freedom (the simplest case next to fully actuated systems) and the possible range of control forces only depends on the configuration and not on the velocity. We describe an algorithm for deciding if such a system is configuration flat and if it is so, we describe a procedure for finding all possible configuration flat outputs.
The paper is organized as follows. Section 2 introduces some concepts from Lagrangian control systems theory and also provides a definition of configuration flatness. Section 3 introduces some concepts from Rie-mannian geometry that are necessary for our theory and also states and proves the main proposition and also outlines an algorithm for coordinate calculations to check configuratioii flatness. Finally Section 4 gives two examples to illustrate the methodology. 
Lagrangiain control systems and configiiration flatness
dt dqa t9qa
In a control situation external control forces are applied and it is natural to think of forces as covectors on the manifold Q. In other words, for a configuration q E Q the total external force acting on the system can be represented by an element of T l Q . This is because forces naturally pair with velocities, which can be thought of as eleiments of T,Q, to give instantaneous power. The possible range of control forces lies in a subspace of T,Q which may depend on position q as well as velocity vg. In other words the control forces can be described by a horizontal valued codistribution c T*(TQ), and p = d i m P is the number of independent controls. For an interesting and wide class of systems this subspace only depends on configuration q and hence can be described by a codistribution P c T'Q of dimension p . For the rest of the discussion we shall only consider this case. All feasible paths (solutions) of such a system are characterised by the following underdetermined system of ODES in coordi- we can determine a (locally) unique trajectory for the Lagrangian system (2).
We present the following lemma which will be of use later.
and y : U + I R P be a conifiguration flat output. Then generically the set of solutions c : Iw -+ U that project down to the same curve y' o c are all isolated.
Proof By definition of flatness along generic solutions, given y ( t ) the complementary coordinates ~( t )
are locally uniquely determined. by equations (3). I
Mechanical systems with n degrees of freedom and n -1 controls
Consider the mechanical system whose Lagrangian is given by
where g is the Riemannian metric (assumed to be nondegenerate) corresponding to kinetic energy and V is the potential energy function on Q and TQ : T Q -+ Q is the tangent bundle projection. Suppose the number of controls p = n -1, in other words dim P = n -1.
In this section we shall present a method for determining if this system is configuration flat. If the system is configuration flat our approach provides us with a constructive method for finding all possible (configuration) flat outputs.
Before proceeding further we present some concepts from Riemannian geometry. Given a metric g we have a notion of differentiation of objects on the manifold such as functions, vector fields, differential forms and tensors along a given vector field 2. This is the covariant derivative V given by the Levi-Civita connection (see [12]). Vz denotes covariant derivative along a vectorfield Z and is related to parallel (with respect to metric) transport of objects along the integral curves of Z . The covariant derivative of a function f along 2denoted V z f is just the familiar directional derivative Z(f) or the Lie derivative. But the covariant derivative of a vectorfield X along Z denoted V z X is not the same as the Lie derivative [Z, XI. Some properties of V are
where X, XI, Xz, 2 are arbitrary vector fields and f is an arbitrary function on the manifold.
In a coordinate system ( q l , . . . , q n ) on manifold Q the covariant derivatives are calculated with the aid of Christoffel symbols where i, j, k = 1,. . . , n and Christoffel symbols are defined by
From the properties (8) of V it follows that rfik = r&.
can be computed from metric g by the formula
where g i k g k j = dj ( g i k are components of the inverse of matrix g j k ) . Then the covariant derivative of vector-
For the mechanical system under consideration let us define an associated distribution D by
where [ is any vector field such that ann P = span{(} and Z(Q) is the set of all smooth vector fields on Q.
Tt is easy to check that D doesn't depend on the choice of E a n n P . By the linearity of covariant derivative it follows that
where (q', . . . , q n ) are any set of coordinates. Hence D is easily calculated using equations ( l o ) , (11) The regularity condition is that the ratios of functions in the following set should not all be the same at q:
where Z,Z1,& are arbitrary vector fields around q that are y-related to some vectorfield on Iwp and [, q are fixed nonvanishing vector fields such that ann P = span{[} and ker T y = span{q}.
Remark 3 Proposition 2 states the conditions for configuration flatness in intrinsic geometric terms. In coordinates the algorithm for deciding if the system is configuration flat is as follows. Calculate D using equation (13). If D = TQ then system is not configuration flat, since for any y, one can find some vector field Z E D = TQ, such that g(kerTy,Z) # 0. Suppose dimD 5 n -1. Then choose a one dimensional distribution, say spanned by a vectorfield q, that is orthogonal to D. Since a one dimensional distribution is integrable locally, one can find independent functions y', . . . , Yp ( p = n -1) around q that "cut O U~" the leaves of the corresponding foliation. These will be flat outputs provided the regularity conditions are met.
The regularity conditions can be checked in coordinates as follows. Choose a function z that completes y', . . . , Yp to a coordinate system. Then yl, . . . , Yp will be flat outputs if the following ratios of functions are not all identically equal in a local neighbourhood:
If these are all identically equal that means y1 , . . . , fl are differentially dependent and another one dimensional distribution must be tried.
Proof (of Proposition 2) : Given a submersion y :
Q -+ RP, one can choose a local coordinate chart on Q such that y is the canonical submersion of R" onto RP. Let the corresponding coordinates on Q be (q' , . . . , qy .
Then, $ ( q ) = qJ f o r j = 1,. . . , p = n-1. Let < = a'+ span ann P. Then all solutions of the system satisfy the single ODE
clt dqz ap Suppose in these coordinates g is given by g;i. Then we can rewrite equation (17) as Using the formula (10) for the Christoffel symbols and using q j = 9 for j = 1,. . . , p to separate the terms involving q" and G", we rewrite equation (18) Observe that B is linear in terms y with coefficients that are functions only of (y, q"). Hence the condition B = 0 can be written as n -1 equations that set the coefficients of $J to be zero. The equation A = 0 has the same form as these, and we get the following n equations:
So all together flatness of y implies the following equations, 
This is not sufficient for flatness of y1 , . . . , yP since it is possible that y1 , . . . , y' ' are differentially dependent and this happens when E does not depend on qn . More precisely y', . . . , yp are differentially dependent around q when there exists a neighbourhood V of q such that @ is identically zero on (., '(V) 
where 7r2 : J'(R,Q) + 6) is the standard projection.
The functions E and gx are both affine in y and quadratic in y with the coefficients functions only of (y, q") and E depends on y non trivially since metric g is non degenerate. Hence E is either identically zero aqn on rY1(q) n { E = 0) or it is non zero for generic points on rz'(q) n { E = 0). Further more is identically zero on nz1 (q) n { E = 0) if and only if it is a multiple of E as a polynomial in .
Hence the regularity condition we impose is that & is a not a multiple of E an a polynomial in y and 5 for points on ril(q). Then it would follow from continuity and implicit function theorem that for generic points on R;' ( V ) n { E = 0) where V is some neighbourhood of q , qn can be locally solved for in terms of y,y,y, implying flatness around q .
What is left to be shown is that this condition translates to the regularity condition stated in the proposition. It is sufficient to shlow that e is a multiple of E as polynomials in 6, y with the ratio being a smooth function on Q is equivalent to the set of ratios of functions (15) all being identically equal in a neighbourhood of q . The rest of the proof is basically algebra and we refer the reader to [13].
and 5 for points on ril ' 3 I
Example: Underwater Vehicle
We shall study a simple model of underwater vehicle that is controlled by a force applied through a fixed point P on the body whose magnitude and direction can be independently controlled.
Only the motion in the vertical plane is considered and hence our configuration space is SE(2) = R2 x S1. This is reasonable when the vehicle has symmetries about 3 orthogonal planes. The kinetic energy is given bY 1 2
-(m + Sm)(i1 cos e -i 2 sin 0)'
where ( X I , x2) are horizontal and vertical coordinates of the centre of mass G, 0 is the orientation of line PG with respect to horizontal axis, m = M + (ml -+-m2)/2 and Sm = (ml -m2)/2 where M is the mass of the vehicle and ml and m2 are added mass terms that take into account inertia of the fluid, and I is the effective moment of inertia taking into account the fluid. This model neglects viscosity effects, but takes into account approximately the effect of the momentum of the displaced water (see [14] ). If the vehicle is in air (strictly speaking vacuum) ml = m2 = 0, so m = M and Sm = 0 and the kinetic energy takes the familiar form where I is the usual moment of inertia and the model is the same as that uTVTOL (see [15] ).
The metric g in coordinates X I , x2, 0 is given by the matrix -6msin28 m -Smcos28 0 .
The control forces lie in the codistribution
s p a n s a n n P . a
The Christoffel symbols rjk can be computed from g using equation (10). Then using formula (11) 
SO at any point q = (y1 , y~, .z) these two ratios are unequal. This ensures that y1 , yz are indeed flat outputs everywhere. In fact the 6m = 0 case is already known to be flat (see [15, 81) . We have just shown that up to a diffeomorphism these are the only configuration flat outputs. This result is independent of any assumptions we make on the potential function V . Now let us suppose the system is moving under gravity and the potential energy is giiven by V = mgzz where g 9.8
m/s2 is the acceleration due to gravity. Then the solutions of the system in coordinates y1 , yz, z satisfy the ODE y1sinz+$2cosz+gcost = 0.
So along generic solution curves we get, or 1 Yz + g + A . z(t) = tan--
Y1
The exception being ithe singularity at y1 = 0, $2 + g = 0. Note that this singularity is not a point on Q but corresponds to a submanifoldin the jet space J2(R, &), the space with coordinates ( t , q, q , i ) and such singularities are very common in practical examples. We still want to regard such systems as flat and this is the reason why our definition of flatness refers to generic curves as opposed to all curves. Also note that though potential V does not affect the flat outputs of the system it influences where the isingularities occur.
. Conclusions and f u t u r e work
We have presented a method for determining configuration flatness of Latgrangian control systems with n degrees of freedom and n -1 controls. Our method is constructive and provides a way for finding configuration flat outputs if they exist. We assumed a Lagrangian of the form "kinetic energy minus potential". We also assumed that the range of control forces only depends on configuration. These assumptions are not unreasonable since a wide class of systems fall into this category. However n -1 controls is a special case and is the simplest case nlext to fully actuated (n controls) systems which are allways flat. In that sense we regard this as a first step towards a general theory of configuration flatness of Lagrangian systems. The authors are currently working on generalising this result to arbitrary number of controls.
